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Abstract-we present new oscillation criteria for the second-order nonlinear differential equations. 
These criteria involve the use of averaging functions. Our theorems are stated in general form; they 
complement and extend related results known in the literature. Also, the relevance of our results is 
to show that some of Manojlovic’s results contain the superfluous condition. @ 2004 Elsevier Ltd. 
All rights reserved. 
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1. INTRODUCTION 
We are interested in obtaining results on the oscillatory behavior of solutions of a broad class of 
the second-order nonlinear differential equation of the form 
b(w’(4t))k bwl + dw(~(~)) = r(t), (1) 
where q, T E C( [t o,m),W, a E W c,oo);R+), Q E C(R,R+), k E C(R,R), and f E Cl(R,R). 
We recall that a function z : [ts,ti) + R, ti 2 to is called a solution of equation (1) if z(t) 
satisfies equation (1) f or all t E [to, tl). In what follows, it will be always assumed that solutions 
of equation (1) exist for any to 2 0. Furthermore, a solution of equation (1) is called continuable 
if z(t) exists for all t 2 to. Such a solution z(t) is said to be oscillatory if it has arbitrarily large 
zeros andis said to be nonoscillatory otherwise. 
Oscillatory and nonoscillatory behavior of solutions for various classes of second-order differ- 
ential equations have been widely discussed in the literature (see, for example, [l-27] and the 
references ,quoted therein). In the absence of damping, there is a great number of papers dealing 
with particular cases of equation (1) such as the linear equations 
z” + q(t)z = 0, (2) 
(a(t)z’)’ + q(t)x = 0, (3) 
0898-1221/04/$ - see front matter @ 2004 Elsevier Ltd. All rights reserved. 
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and the nonlinear equations 
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(w-4’ + q(t)f(x) = 0, 
(4w)a)’ + q(t)f(x) = T(t), 




Most parts of the oscillation criteria for equations (2)-(6) have been obtained by using the 
averaging technique from the papers of Wintner [20], Hartman [8], and Kamenev [9] concerning 
equation (2). These results have been improved recently for equation (2) by Philos [15], for 
equation (3) by Li [lo], for equation (5) by Li [ll], and for equation (6) with r(t) = 0 by 
Manojlovic [14]. 
In the presence of damping, a number of oscillation criteria have been obtained for different 
classes of nonlinear differential equations by Butler [2], Yeh [27], Yan [25], Grace [4-61, Li and 
Agarwal [13], Rogovchenko [17], Tiryaki and Zafer [19], Ay an ar 1 and Tiryaki [l], and others. 
Very recently, the results of Philos [15], Li [lo], and Grace [4] have been extended to the more 
general equation 
(4W’(x(t)P (x’(t)))’ + P(W (x’(t)) + q@)f(x(t)) = 0, (7) 
for f(x) without monotonicity by Ayanlar and Tiryaki [l], and for f(x) with monotonicity by 
Tiryaki and Zafer [19] when Ic(z’) = 5’. 
The purpose of this paper is to show that the results of Philos [15], Li [lo], Li [ll], and 
Manojlovic [14] can be extended to equation (1) by using the interval averaging technique. We 
give sufficient conditions for each solution of equation (1) to be either oscillatory or satisfy 
lim inft,, Ix(t)1 = 0. Our other results give sufficient conditions for all solutions of (1) to 
be oscillatory in the case when r(t) = 0. We also show that Manojlovic’s results contain the 
superfluous condition in the main text of his paper which is of particular interest. However, some 
results given in [24] to be verified look rather difficult for equation (5). But our results about 
that equation contain explicit sufficient conditions. 
2. MAIN RESULTS 
Throughout this section, we shall assume that 
x.f(x) > 0, forx # 0, (8) 
f’(x) 2 0, for x # 0, (9) 
and 
where y is a positive constant. 
k2(Y) I7Yk(Y)l (10) 
Let usintroduce now the class of functions 8 which will be extensively used in the sequel. Let 
DO = {(t, s) : t > s > to} and D = {(t, s) : t > s 2 to}. The function H E C(D, R) is said to 
belong to the class S if 
(Hi) H(t, t) = 0 for t > to, H(t, s) > 0 on De; 
(Hz) H has a continuous and nonpositive partial derivative on Do with respect to the second 
variable. 
THEOREM 1. Suppose that the functions h, H E C(D, R) are such that H belongs to the class S 
and 
h(t, s) = -2 ; dm, for all (t, s) E DO. (11) 
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Suppose also that for any X1 > 0 there exists X2 > 0 such that 
f’(z) 
a(x) L x23 
for 11~1 > XI. (14 
If there exist functions @ E C1 [[to, co); R+] and (aR) E C’ [[to, co); R] such that Q’(t) > 0, t 2 to, 
and 
limsup X(t,T) - $y(t,T) = 03, 
{ > t-+ca 
(13) 
for every T > to and any K > 0, where 




H(t, s)cp(s)~(~) ds, 
Y(t,T) = &&W+~{W,+ (~+~Rb)) &?%}‘ds, 
and 
v(s) = q(s) - K IT(S)] - (a(s)R(s))’ + +(s)R2(s), 
then every solution x(t) of equation (1) is either oscillatory or satisfies lim inf+, /z(t)1 = 0. 
PROOF. Suppose on the contrary that x(t) is a nonoscillatory solution of equation (1) such that 
liminf+, Ix(t)1 > 0. Without loss of generality, we may assume that z(t) > 0 on [To,cG) 
for some TO 2 to. It follows from (9) that there exist K > 0 and Tl > TO 1 to such that 
If(z(t))l > l/K for all t > Tl. This implies that 
r(t) 
f(x:(t)) 5 f(x(t)) -I I * < K Ir(t)l , for t 2 Tl. 
In order to simplify notation, we define 
w(t) = a(t) 
1 
4w (x(t)) k b’(t)) + a(t)R(t) 
f (x(t)) I2 
(14) 
(15) 
for any nonoscillatory solution x(t) of equation (1). 
Differentiating (15) and making use of equation (l), we obtain that 
Q’(t) r(t) w’(t) = qq4t) + @P(t) f(x(t)) - - @(t)q(t) 
+ @(q 
1 
(a(t)R(t))’ _ 4t)*(x(t)P (x’(t)) x’(t)f’(x(t)) 
f 2(x(t)) I. 
On the other hand, from (lo), (12), and (14), we have 
w’(t) I SW(t) - Q(t)cp(t) - ?&W’(t) + $R(t)w(t), (16) 
for all t > Tl with p(t) defined as above. We multiply inequality (16) by H(t, s) and integrate 
from T 2 Tl to t from which in view of (Hz) leads to 
X(4 T) I w(T) - J(t,T) + &W, T), (17) 
where 
J(t,T) = 
x {h(t,s) - (z 
2 
ds. 
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Moreover, by (17) we also have for every t 2 Ti , 
H@,Tl) 
[ 
X(t,Tl) - &Y(tr’l;) 
I 
I H(t7Tdwl) 
I H(hTl) IW(Tl)I 
This gives 
for all t 2 Ti, which contradicts (13). This completes the proof of the theorem. 
REMARK 1. In the recent paper, Manojlovic [14] obtained oscillation theorems for equation (1) 
with Ic(z’) = x’. However, some of his results require that 
(C2) I 
t 
u(s)h2(t, s) di < 00, for t 2 to, 
Jto 
should be satisfied. Let R(t) = 0, Q(s) = 1. From Theorem 1, we see that the above condition is 
superfluous. 
REMARK 2. Graef and Spikes in [7] have obtained oscillation theorems for the special case of 
equation (1) with Ic(x’) = x’. Also, Wong and Agarwal [24] have established some oscillation 
results for this equation with 
v!(x) = 1, k (2’) = x’“. 










tom b-(s)1 ds 
are convergent integrals, which are not required in Theorem 1. 
EXAMPLE 1. Consider the differential equation 
(Px2x’) + t-w23 = z -7/z 2 t ) t > 0, 
which has the nonoscillatory solution x(t) = l/t. Observe that 
q(s) ds = cm. 
Moreover, 
f’(x) 3x2 
qq=Tp=3, for x # 0, 
so that none of the results obtained in [7] and (241 can be applied to this example. Also, none of 
the results of Manojlovic [14] are applicable for this equation. Because in [14], Condition (Cs) 
does not hold and Condition (Cs) holds when L < 213. We let H(t,s) = (t - s)~, t > s > 0, 
B(s) = 1, and R(s) E 0. Thus, all hypotheses of Theorem 1 are satisfied. 
As an immediate consequence of Theorem 1, we obtain the following corollary. 
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COROLLARY 2. Let the assumptions of Theorem 1 hold except that condition (13) is replaced by 




limsupY(t,T) < co, 
t+cc 
(1% 
for every T 2 to. Then any solution x(t) of equation (1) is either oscillatory or satisfies 
l$nizf jx(t)( = 0. 
We note that in Corollary 2 condition (18) 1s necessary. In the remainder of this paper, we’ 
do not require this condition but will impose some other conditions instead. Thus, the following 
result provides an essentially new result for equation (1). 
THEOREM 3. Let the functions H and h be defined as in Theorem 1, and suppose that (12) and 
the following condition hold: 
If there exist functions @ E C’[[to,co);R+], (a@ E C’[[to,co);R], and A E C[[t,,m);R] such 
that W(t) > 0, t > to, 
l$n$f Y(& to) < Co (21) 
and 
and suppose that for any T 2 to 
J t Am ds =co limsup ___ t-03 to dsP.(s) ’ 




where A+(s) 7 max{A(s),O}, s 2 to, then any solution x(t) of equation (1) is oscillatory or 
satisfies 
1imSf Ix(t)1 = 0. 
PROOF. Let x(t) be a solution of (1) and suppose that 
lityif Ix(t)1 > 0, 
so x(t) is nonoscillatory. Without loss of generality, we may assume that x(t) > 0 on [TO, CO) for 
some To > to. Then, as in the proof of Theorem 1, we see that (17) holds for all t 2 T 1 Tl 2 TO. 
So, for t 2 T, we have 
Consequently, 
X(t,T) - &Y(t, T) 5 w(T) - J(t, T). (24) 
l$nEf X(t,T) - &Y(t,T) 
{ 
5 w(T) - liysipJ(t,T), (25) 
2 
for all T > Tl. Thus, by (23), 
w(T) > A(T) + limsup J(t, T), 
t+co 
(26) 
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for all T 2 Tl. This shows that 
w(T) 2 A(T) 
and 
From (27), 
and hence, by (22), 
limsup J(t, T) < co. 
t-+m 
J 
O” w2w & > J O3 A:(s) ds Tl u(s)a(s) - TI a(s)a(s) ’ 
J O" w2(s) d  =o. TI u(s)@'(s) 






u(t) = ~ J t J+2H(hs) W>C) Tl -P(s)@(s) w2(s) ds 
h(t, s),,‘m - !$ + $R(s)) H(t, s)} w(s) ds, 
for all t 1 Tl. Then it follows from (28) that 
limsup [u(t) + w(t)] < 00. 
t-+ca (30) 
Now by (20), there is a positive constant Ml satisfying 
a} > Ml. - 
7 
Let M2 be a given number. It follows from (29) that if T2 2 Tl is large enough, then 
J t w2(s) -ds>$ Tl 4sP’(s) for all t 2 T2. 2 1 
Therefore, 
for all t 2 T2. By (31), there is a T3 > T2 such that 
H(t,Td > M 
H(t,Tl) - ” 
for all t 1 T3. 
(31) 
Thus, u(t) > M2 for all t 2 T3. Since M2 is arbitrary, 
lim u(t) = 00. 
t+ca (32) 
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Next, let us consider a sequence {tn}Fzl in (tc,oo) with lim,,,t, = co. By (30), there is a 
number A4 such that 
4tn) + fJ(tn) 5 M, forn=1,2,3 ,.... (33) 
It follows from (32) that 
lim u(tn) = 00. n-co (34) 
This and (33) give 
lim v(tn) = -co. (35) n-+03 
Now, because of (33) and (34), there exists a number M such that 
1+ 44 < hf 1 v(L) 1 - - 
u(tn) - U(tn) < z Or u(t,) < -5’ 
for every n 2 N. 
This and (35) imply that 
v%J - = 03. 
k% u(tn) 
On the other hand, by the Schwarz inequality, we have 
(36) 
for any positive integer n. But (31) guarantees that for n large 
Therefore, by combining (37) and (38), we obtain 
for all large n, which due to (36) implies 
lim Y(t,, to) = cm. 
n+m 
Clearly, since the sequence {tn}rF1 is arbitrary, equation (39) contradicts (21). 
EXAMPLE 2. Consider the differential equation 
which has the nonoscillatory solution x(t) = l/t. 




lim inf L 
t 
qq=7=3, for x # 0, J t-+m (t - to)2 to s-2(2)2 ds < 00 
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Set A(T) = l/T - M/T2, K > 0, and M = (23/12)K. It is clear that 
lim sup 
t-cc 
Thus, all hypotheses of Theorem 3 are satisfied. 
THEOREM 4. Let the functions H and h be defined as in Theorem 1, and suppose that (12) 
and (20) hold. Assume that there exist functions @ E @[[to, co);R+], (all) E @[[to, cm);R], 
and A E C[[t,, 03); R], such that a’(t) 2 0, (221, and the conditions 
limsupY(t, to) < 03, for all t 2 to, (40) 
t-m 
and 
X(t,T) - &Y(t,T) (41) 
hold for all T > to. Then any solution x(t) of equation (1) is either oscillatory or satisfies 
l\nlkf Ix(t)1 = 0. 
PROOF. We proceed as in the proof of Theorem 3 and obtain (24). Taking the limit superior 
of (24) as t + 00, we obtain (25) except that liminf and limsup are now interchanged. Then, 
equations (26)-(32) are valid with the exceptions that in (26), (28), and (30) we have liminf 
instead of limsup. Now the sequence {tn}rzl in (33) cannot be arbitrary: it is chosen such that 
J$,g {u(tn) + w(L)} = lirrcf {u(t) + w(t)}. 
Continuing as in the proof of Theorem 3, one can easily sees that (39) holds, and therefore, (40) 
cannot be true. This completes our proof. 
THEOREM 5. Let the functions H and h be defined as in Theorem 1, and suppose that (12) 
and (20) hold. Suppose also that there exist functions Q E C’[[to, oo); R+], (all) E C’[[to, m); R], 
and A E C[[to, co); R] such that W(t) 2 0, (22), (23), and the following condition hold: 
l\m$f X(t, to) < 03. (42) 
Then any solution x(t) of equation (1) is either oscillatory or satisfies 
1imEf Ix(t)1 = 0. 
PROOF. From (23), we have 
A(to) I limnf X(t, to) - 2 l$nzf Y(t, to), 
and therefore, by (42) 
liyif Y(t, to) < 00. 
The remainder of the proof now proceeds exactly as in that Theorem 3. 
REMARK 3. If we take a(s) = 1 and R(t) = 0 for equation (l), our Theorems 4 and 5 reduce 
correspondingly to Theorems 2 and 3 obtained by Manojlovic. 
The following theorems are oscillation results for the case when r(t) = 0. Equation (1) becomes 
[ww@))k WI’ + dWxc) z 0. (43) 
We omit the proofs because they are similar to those of the theorems cited above. 
THEOREM 6. Let the functions 
exists a positive constant X such 
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H and h be defined as in Theorem 1, and suppose that there 
that 
f’(z) 
@I(x) 1 xT for x # 0. (44) 
If there exist functions Q E C’[[t,, co); R+] and (al?) E C’[[t,, m); R] such that W(t) > 0, t 2 to, 





Xl@,to) = ~ 
H(t,to) to 
H(t, s)~(s)cpl(~) ds, 
and n(s) = q(s) - (a(s)R(s))’ + (~/~)u(s)R~(s), th en all solutions of (43) are oscillatory. 
REMARK 4. If we take a(t) = eV2.ft R(t)dc, 9(x) = 1, lc(x’) = z’, and f(z) = x, then we obtain 
Theorem 3.2 in [ll]. 
REMARK 5. It can be easily seen that Theorem 6 contains the weaker conditions than Theo- 
rems 3.1 and 3.2 given in [3]. 
EXAMPLE 3. Consider the differential equation 
(t-lx2k (x’))’ + t-1’2x3 = 0, t > 0. 
We let H(t, s) = (t - s)~, t > s > 0, Q(s) = s, and R(s) = 0. Now, f’(z)/\k(z) = 3x2/x2 = 3 for 
x # 0, and 
ds = 03. 
Thus, all hypotheses of Theorem 6 are satisfied and all solutions of this equation are oscillatory. 
We note that, if we take Ic(x’) = x’ in the above equation, none of the results obtained in [7] can 
be applied to this example. Also, none of the results of Manojlovic [14] are applicable for this 
equation. In particular, for the equation 
(t-lx2(&))‘+t-‘/“r3=0, t>o, 
all conditions of Theorem 6 are satisfied and all solutions of this equation are oscillatory. 
THEOREM 7. Let the functions H and h be defined as in Theorem 1, and suppose that (20) 
holds. Suppose also that there exists a constant X > 0 and functions @ E C1 [[to, co); R+], 
(aR) E C’[[to,oo);R], and A E C[[t o, co); R] such that W(t) 2 0, (211, (221, and (44) hold. If 
for ever,y T 2 to 
l;ygf {X1(&T) - zY(t, T)} 2 A(T), (46) 
then all solutions of (43) are oscillatory. 
EXAMPLE 4. Consider the differential equation 
where u, cy are constants such that -1 5 cy < 0 and u < 1. Then, condition (44) is satisfied. Let 
H(t,s) = (t - s)~, for t 2 s 2 to, R(s) = 0, and Q(s) = 1. Therefore, condition (46) is satisfied 
and for arbitrary small constant E > 0, there exists a tl 2 to such that for T > tl, 
l;“kf $ t (t - )2 c1 J[ ” s s toss-5 ds>-TasinT-E. T 3 1 
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Now, set A(T) = -Ta sinT and consider an integer N such that 2N7r + 57r/4 2 max{tl, (1 + 
fi~)l/“}. Then, for all integers n 2 N, we have 
A(T) 15, foreveryTE 2n?7~+7,2~r+F . 1 
Taking into account that u < 1, we obtain 
Accordingly, all conditions of Theorem 7 are satisfied, and hence, the above equation is oscillatory. 
THEOREM 8. Let the functions H and h be defined as in Theorem 1, and suppose that (20) 
holds. Suppose also that there exists a constant X > 0 and functions @ E C’[[to, 00); R+], 
(aR) E C’[[t,,m);R], and A E C[[to,oo);R] such that a’(t) 2 0, (22), and (44) hold. If 
limsupY(t,to) < 00, 
t-co 
for all t > to, (47) 
and 
liy”,p {X1(&T) - sY(t, T)} 2 A(T), (48) 
for all T 2 to, then all solutions of (43) are oscillatory. 
THEOREM 9. Let the functions H and h be defined as in Theorem 1, and suppose that (20) 
holds. Suppose also that there exists a constant X > 0 and function @ E C’[[to, co);R+], 
(aR) E C’[[to,co);R], and A E C[[t 0, co); R] such that W(t) 2 0, (22), (44), and (46) and the 
following condition holds: 
l\rnzf Xl(t,T) < co. + (49) 
Then all solutions of (43) axe oscillatory. 
REMARK 6. If we take (a(t) = 1, for equation (5) with r(t) = 0, our Theorems 6, 8, and 9 reduce, 
respectively, correspondingly to Theorems 4, 5, and 6 obtained by Manojlovic with the’following 
correction: Condition (C,) in the latter three theorems should be omitted as a superfluous one 
which is indicated in Remark 1. 
If we compare the proof of Theorem 1 and Theorem 6 finally, we shall give a result for the 
asymptotic behavior of solutions of forced nonlinear equation (1). 
THEOREM 10. Let the functions H and h be defined as in Theorem 1, and suppose that there 
exist a constant X > 0 and a function Cp E Cl[[td, CW); R+] such that Q’(t) 2 0, (44), (45), and 
ia(s) Ir(s)l ds = N < cm (50) 
hold. Then every solution z(t) of equation (1) satisfies lim inft,, Ix(t)1 = 0. 
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REMARK 7. The results in this paper are presented in the form of a high degree of generality; 
new oscillation criteria can be obtained with the appropriate choice of the functions H and h. 
For example, one can apply Theorems 6-9 with 
H(t, s) = (t, s) E D, 
where n is an integer with n > 2 and 8 is any positive continuous function [to, co) such that 
st:i&=~. 
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